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Fundamentals of Partial Modal Logic

JaN JASPARS AND Erias THIJSSE

1 Introduction

This chapter gives a picture of the happy marriage of partial and modal
logic. Rather than presenting a survey of the entire field!, we focus on one
type of partial modal logic. Here the models are the usual possible worlds
structures (also known as Kripke models) where only the valuation function
is partial. Validity can be characterized as relative truth. This paradigm
is perhaps the most obvious way to combine the ideas of partiality and
modality; most other approaches are variants of the one we are about to
discuss. This style of partial modal logic is in our view perfectly suited
for a whole range of applications. It should be noticed, however, that
although only one way to do partial modal logic, our logic is still as flexible
as normal modal logic, allowing for many different systems such as the
“partial” counterparts of K, S4 and S5.

Partiality and modality compared

The contributions of Langholm and Meyer and Van Der Hoek (this volume,
Chapters 1 and 3, respectively), provide sufficient motivation for the two
relevant phenomena: partiality and modality. We now highlight some of
the resemblances and differences between these aspects.

Partiality and modality express two different dimensions of uncertainty
with respect to a given piece of information. Partiality, the idea of not
giving a (classical) truth value to every proposition, is at least different
from modality in that it may not be reflected in the language: standard
logical languages such as that of predicate calculus may be given a partial
interpretation. So the basic inspiration for partial logic is semantic. On

1See the historical notes at the end for bibliographical information.
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FIGURE 1 Partial model for Gip v q)

the other hand, modality, the idea of expressing the status of a proposition
as necessary or possible {or some combination thereof), can and should
be reflected in the logical language. Originally, modal logic was an en-
tirely syntactic marter (cf. Lewis 1918}, Through the work of Stig Kanger,
Jaakko Hintikka and Saul Kripke in the late fifties, modal logic was finally
given a set-theoretic semantics, using the idea of possible worlds. Since the
language of partial logic has also been extended in order to deal with some
of its peculiarities (see e.g. Langholm, Chapter 1), the difference between
“syntactic” modality and “semantic” partiality is more or less cancelled,
though it should be kept in mind that the basic motivation is different.
[Jne to the completeness results for elementary and modal logic, the
distinetion between syntax (deduction) and semantics {consequence) is,
in some sense, a superficial one. More essential is the difference on the
semantic level. Consider several cases of incomplete information:

Example 1.1 Assume you know p. but you don’t know anything about
4. Then a very sunple model verifving this situation is the one in which
only p is true: mﬁ, Indeed the partial model adequately represents the
information contained in the non-modal formula p.

Example 1.2 Next supposc you know ‘pv¢’, without knowing p or know-
ing g. For example, vou have been told that either Pat or Sue will come to
your party. but not which of the two. A propositional model such as Ti or
E now does not fit the situation, and in fact it can easily be shown that no
such model exists: every propositional model that verifies p v ¢ either ver-
ifies p or verifies ¢, and therefore would imply too much knowledge. Here
a Kripke model is called for, see figure 1.

These examples might indicate that partiality and modality are appro-
priate in distinct circumstances, but do not provide suflicient motivation
for combining the two into one single system. Perhaps even the modal
stance is the more general one?

Why combine partiality and modality?
It is true that the knowledge contained in example 1.1 conld also be modeled

s

1 a possible world structure such as in Figure 2.
Yet it should be noted at this point that the two structures do not really

Ci..
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FIGURE 2 Partial Kripke model for p

model the same thing: the propositional structure - models the plain
information p, the above possible world structure the agent’s knowledge
Op. Apart from the gap between a simple proposition and the knowledge
chereof, and differences of propositional theory (for example, whereas the
latter model verifies ~pV ¢, the former does not) the distinction is relatively
harmless in the present case. But in general there is a clear difference
botween the two. This is not only clear from our second example, but
particularly in cases where the two are compared (e.g. in Op = p), when
some form of introspection is required (e.g. Op = 0O0p), and in cases
involving several agents (e.g. 7,0,p).

Still, this only proves the need for modal logic. Why partialize it? There
are some very good reasons for doing so:

Naturalness We believe the partial approach to be much more intuitive,
not only in its basic elements (partial worlds as mental reconstruc-
tions of the real world), but also in its behavior with respect to differ-
ent phenomena. Partial Kripke-style semantics has been proposed for
logic programming (see Przymusinski 1989 and Gelfond 1992), where
a natural inrerpretation is provided for logic programs with explicit
negation (Pearce and Wagner 1990) and disjunction (Minker 1982).
See also. Busch’s contribution in Chapter 2 of this volune, where
both three-valued and intuitionistic logic are used as a basis for logic
programming semanties.

Efficiency Classical possible world semantics leads to a combinatorial ex-
plosion: the less one kuows, the bigger the model. For example, com-
plete ignorance of n propositional variables leads to at least 2" differ-
ent worlds needed for a model that only represents what one knows.
See Thijsse (1992) for a study of partial models that characterize
a certain amount of knowledge In addition, we refer to Levesque
(1981) and Lakemeyer (1987) for tractable reasoning in other partial
modal logics.

Flexibility Addition of (consistent) information can be accounted for in
two ways: elimination of possible worlds and extension of proposi-
tional valuation. (see Jaspars 1991).

Adequacy Although classical and partial modal logic are similar to some
extent, there are some interesting differences regarding the deductive
systems. For a number of applications, such as natural language
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